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Abstract. We establish a Schubert calculus for Bott-Samelson resolutions in the algebraic 
cobordism ring of a complete flag variety G/B extending the results of Bressler-Evens [1] to 
the algebro-geometric setting . 



1. Introduction 

We fix a base field k of characteristic 0. Algebraic cobordism ) has been invented some 
years ago by Levine and Morel [H] as the universal oriented algebraic cohomology theory on 
smooth varieties over k. In particular, its coefficient ring VL*{k) is isomorphic to the Lazard ring 
L (introduced in |T2]). In a recent article |15], Levine and Pandharipande show that algebraic 
cobordism Vr{X) allows a presentation with generators being projective morphisms Y ^ X 
of relative codimension n{:= dim(X) — dim(y)) between smooth varieties and relations given 
by a refinement of the naive algebraic cobordism relation (involving double point relations). A 
recent result of Levine [13] which relies on unpublished work of Hopkins and Morel asserts an 
isomorphism VL'^{—) = MGL^"''"(— ) between Levine-Morel and Voevodsky algebraic cobordism 
for smooth quasiprojective varieties. In particular, algebraic cobordism is representable in the 
motivic stable homotopy category. 

In short, algebraic cobordism is to algebraic varieties what complex cobordism MU*{—) is 
to topological manifolds. 

The above fundamental results being established, it is high time for computations, which 
have been carried out only in a very small number of cases (see e.g. [22] and [23j). The present 
article focuses on cellular varieties X, for which the additive structure of fl* (X) is easy to 
describe: it is the free L-module generated by the cells (see the next section for more precise 
definitions, statements, proofs and references). So additively, algebraic cobordism for cellular 
varieties behaves exactly as Chow groups do. Of course, algebraic K-theory also behaves in a 
similar way, but we will restrict our comparisons here and below to Chow groups. There is a 
ring homomorphism fl* (X) — )■ M[/^*(X(C)"") which for cellular varieties is an isomorphism, 
see Section 2.2 and the appendix. However, computations in fl* (X) become more transparent 
and suitable for algebro-geometric applications if they are done by algebro-geometric methods 
rather than by a translation of the already existing results for M?7^*(X(C)'^") (e. g. those 
of Bressler and Evens, see [4J and below), especially if the latter were obtained by topological 
methods which do not have counterparts in algebraic geometry. 

Let us concentrate on complete flag varieties X = G/B where i? is a Borel subgroup of a 
connected split reductive group G over k. In the case where G = GLn{k), the cobordism ring 
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Q*{X) may be described as the quotient of a free polynomial ring over L with generators Xj 
being the first Chern classes of certain hne bundles on X and exphcit relations. More precisely, 
we show (see Theorem I2.6p : 

Theorem 1.1. The cobordism ring Q*{X) is isomorphic to the graded ring h[xi, . . . ,Xn\ of 
polynomials with coefficients in the Lazard ring L and deg Xi = 1, quotient by the ideal S 
generated by the homogeneous symmetric polynomials of strictly positive degree: 

æ{x)c^h[xu...,xn]/s. 

This generalizes a theorem of Borel [2] on the Chow ring (or equivalently the singular coho- 
mology ring) of a flag variety to its algebraic cobordism ring. 

The Chow ring of the flag variety has a natural basis given by the Schubert cycles. The 
central problem in Schubert calculus was to find polynomials (later called Schubert polyno- 
mials) representing the Schubert cycles in the Borel presentation. This problem was solved 
independently by Bernstein-Gelfand-Gelfand pj| and Demazure [10] using divided difference 
operators on the Chow ring (most of the ingredients were already contained in a manuscript 
of Chevalley which for many years remained unpublished) . Explicit formulas for Schubert 
polynomials give an algorithm for decomposing the product of any two Schubert cycles into a 
linear combination of other Schubert cycles with integer coefficients. 

The complex (as well as the algebraic) cobordism ring of the flag variety also has a natural 
generating set given by the Bott-Samelson resolutions of the Schubert cycles (note that the 
latter are not always smooth and so, in general, do not define any cobordism classes). For the 
complex cobordism ring, Bressler and Evens described the cobordism classes of Bott-Samelson 
resolutions in the Borel presentation using generalized divided difference operators on the cobor- 
dism ring [3111] (we thank Burt Totaro from whom we first learned about this reference). Their 
formulas for these operators are not algebraic and involve ge to the classifying space 

of a compact torus in G and homotopy theoretic considerations (see [3^ Corollary-Definition 
1.9, Remark 1.11] and [H Proposition 3]). One of the goals of the present paper is to prove 
an algebraic formula for the generalized divided difference operators (see Definition 12.21 and 
Corollary 12. 3p . This formula in turn implies explicit purely algebraic formulas for the polyno- 
mials (now with coefficients in the Lazard ring L) representing the classes of Bott-Samelson 
resolutions. Note that each such polynomial contains the respective Schubert polynomial as 
the lowest degree term (but in most cases also has non-trivial higher order terms). We also 
give an algorithm for decomposing the product of two Bott-Samelson resolutions into a linear 
combination of other Bott-Samelson resolutions with coefficients in L. 

We now formulate our main theorem (compare Theorem 13. 2p . which can be viewed as an 
algebro-geometric analogue of the results of Bressler- Evens [1, Corollary 1, Proposition 3]. Let 
/ = (ai, . . . ,ai) be an /-tuple of simple roots of G, and Rj the corresponding Bott-Samelson 
resolution of the Schubert cycle X/ (see Section 3 for the precise definitions). Recall that there 
is an isomorphism between the Picard group of the flag variety and the weight lattice of G such 
that very ample line bundles map to strictly dominant weights (see, for instance, [Sj 1.4.3]). 
We denote by L{X) the line bundle on X corresponding to a weight A, and by ci(L(A)) its 
flrst Chern class in algebraic cobordism. For each «j, we deflne the operator Ai on fl* (X) in a 
purely algebraic way (see Section 13.21 for the rigorous deflnition for arbitrary reductive groups) . 
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Informally, the operator Ai can be defined in the case G = GL^ by the formula 

Ai = {l + aaj ,] 

ci{L{ai)) 

where cTq- acts on the variables (xi, . . . , x„) by the transposition corresponding to a^. Here we 
use that the Weyl group of GL„ can be identified with the symmetric group Sn so that the 
simple reflections Sq,. correspond to elementary transpositions (see Section 2 for more details). 
Note that the Ci(L(aj)) can be written explicitly as polynomials in xi,. . . ,Xn using the formal 
group law (see Section 2). 

Theorem 1.2. For any complete flag variety X = G/B and any tuple I = («!,...,«;) of 
simple mots of G, the class of the Bott-Samelson resolution Rj in the algebraic cobordism ring 
Q*{X) is equal to 

Al... AiR^, 

where Re is the class of a point. 

This theorem reduces the computation of the products of the geometric Bott-Samelson classes 
to the products in the polynomial ring given by the previous theorem. Note that in the co- 
homology case analogously defined operators Ai coincide with the divided differences operators 
defined in [HHO], so our theorem generalizes [H Theorem 4.1] and Theorem 4.1] for Schu- 
bert cycles in cohomology and Chow ring, respectively, to Bott-Samelson classes in algebraic 
cobordism. 

Note that in the case of Chow ring, the theorem analogous to Theorem 11.21 has two different 
proofs. A more algebraic proof using the Chevalley-Pieri formula was given by Bernstein- 
Gelfand-Gelfand ([H Theorem 4.1], see also Section H] for a short overview). Demazure gave 
a more geometric proof by identifying the divided difference operators with the push-forward 
morphism for certain Chow rings ( [10, Theorem 4.1], see also Section [3]). At first glance, it 
seems that the former proof is easier to extend to the algebraic cobordism. Indeed, we were 
able to extend the main ingredient of this proof, namely, the algebraic Chevalley-Pieri formula 
(see Proposition 14.31) . However, the rest of the Bernstein-Gelfand-Gelfand argument fails for 
cobordism (see Section H] for more details) while the more geometric argument of Demazure 
can be extended to cobordism with some extra work. For the complex cobordism ring this was 
done by Bressler and Evens [Sl Sl- To describe the push-forward morphism they used results 
from homotopy theory, which are not (yet) applicable to algebraic cobordism. In our article, 
we also follow Demazure's approach. A key ingredient for extending this approach to algebraic 
cobordism is a formula for the push-forward in algebraic cobordism for projective line fibrations 
due to Vishik, see Proposition l2.1[ We provide a new proof of this formula using the double point 
relation in cobordism introduced by Levine and Pandharipande [15]. In general, push- forwards 
(sometimes also called "transfers" or "Gysin homomorphisms" ) for algebraic cobordism are 
considerably more intricate than the ones for Chow groups. Consequently, their computation, 
which applies to any orientable cohomology theory, is more complicated. 

Using the ring isomorphism VL*{X) ^ Mf/^*(X(C)'*") for cellular varieties, it seems possible 
to deduce our Theorem 11.21 from the results of Bressler-Evens [3lll] on complex cobordism (the 
main task would be to compare our algebraically defined operators Ai with theirs). We will 
not exploit this approach. Instead, all our proofs are purely algebraic or algebro-geometric. 
Conversely, we note that all our proofs concerning algebraic cobordism ring of the fiag variety 
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(such as the proof of Proposition 14.31) may be easily translated to proofs for the analogue 
statements concerning the complex cobordism ring. 

The article |4] does not contain any computations. It would be interesting to do some com- 
putation using their algorithm and then compare them with our approach, which we consider 
to be the easier one due to our exphcit formula for the product of a Bott-Samelson class with 
the first Chern class (see formula 5.1) based on our algebraic Chevalley-Pieri formula. (Note 
also that the notations of [1] are essentially consistent with [1], but not always with [16]. We 
rather stick to the former than to the latter.) 

This paper is organized as follows. In the next section, we give some further background 
on algebraic cobordism, in particular, the formula for the push-forward mentioned above. In 
the case of the flag variety for GL„, we describe the multiplicative structure of its algebraic 
cobordism ring. In the third section, we recall the definition of Bott-Samelson resolutions and 
then express the classes of Bott-Samelson resolutions as polynomials with coefficients in the 
Lazard ring. Section 4 contains an algebraic Chevalley-Pieri formula and a short discussion 
of why the proof of p[j for singular cohomology does not carry over to algebraic cobordism. 
The final section contains an algorithm for computing the products of Bott-Samelson classes 
in terms of other Bott-Samelson classes as well as some examples and explicit computations. 

Our main results are valid for the flag variety of an arbitrary reductive group G, but can be 
made more explicit in the case G = GLn using Borel presentation given by Theorem 12.61 So we 
will use the flag variety for GLn as the main illustrating example whenever possible. One might 
conjecture that the algebraic cobordism rings of flag varieties with respect to other reductive 
groups G also allow a Borel presentation as polynomial rings over L in certain first Chern 
classes modulo the polynomials fixed by the appropriate Weyl groups (at least when passing 
to rational coefficients), because the corresponding statement is valid for singular cohomology 
resp. Chow groups (compare [2] resp. |9]). 

After most of our preprint was finished, we learned that Calmés, Petrov and Zainoulline are 
also working on Schubert calculus for algebraic cobordism. It will be interesting to compare 
their results and proofs to ours (their preprint is now available, see |7]). 

We are grateful to Paul Bressler and Nicolas Perrin for useful discussions and to Michel Brion 
and the referee for valuable comments on earlier versions of this article. 

2. Algebraic cobordism groups, push-forwards and cellular varieties 

We briefly recall the geometric definition of algebraic cobordism [15] and some of its basic 
properties as established in [H]. For more details see [TH |T5]. Recall that (up to sign) any 
element in the algebraic cobordism group Q"'{X) for a scheme X (separated, of finite type 
over k) may be represented by a projective morphism Y ^ X with Y smooth and n = 
dim(X) — dim(y), the relations being the "double point relations", which we explain further 
below. In particular, Q*{X) only lives in degrees < dimX, which we will use several times 
throughout the paper. Similar to the Chow ring GH*, algebraic cobordism Q* is a functor on 
the category of smooth varieties over k, covariant for projective and contravariant for smooth 
and more generally Ici morphisms, which allows a theory of Chern classes. However, the map 
from the Picard group of a smooth variety X to Q^{X) given by the first Chern class is neither 
a bijection nor a homomorphism anymore (unlike the corresponding map in the Chow ring 
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case). Its failure of being a group homomorphism is encoded in a formal group law that can 
be constructed from Q*. More precisely, any algebraic orientable cohomology theory allows by 
definition a calculus of Chern classes, and consequently the construction of a formal group law. 
A formal group law is a formal power series F{x, y) in two variables sucli that for any two line 
bundles Li and L2 we have the following identity relating their first Chern classes: 

Ci(Li øLs) = F(ci(Li),ci(L2)). 

E. g. the formal group law for CH* is additive, that is, F{x + y) = x + y. Algebraic cobordism is 
the universal one among the algebraic orientable cohomology theories. In what follows, F [x, y) 
will always denote the universal formal group law corresponding to algebraic cobordism unless 
stated otherwise. 

In this and in many other ways - as the computations below will illustrate - algebraic 
cobordism is a refinement of Chow ring, and one has a natural isomorphism of functors 
) ®L ^ — CH*{—) (see [H] where all these results are proved). Here and in the se- 
quel, L denotes the Lazard ring, which classifies one-dimensional commutative formal group 
laws and is isomorphic to the graded polynomial ring Z[ai, 02, . . .] in countably many variables 
|12j . where we put in degree —i. When considering polynomials p{xi, ....Xn) over L with 
deg(a;j) = 1, we will distinguish the (total) degree and the polynomial degree of x„). 

Note that the Lazard ring is isomorphic to the algebraic (as well as complex) cobordism ring 
of a point. In particular, its elements can be represented by the cobordism classes of smooth 
varieties. In what follows, we use this geometric interpretation. 

We are also going to use a geometric interpretation of the formal group law, namely, the double 
point relation. This is an equality for elements in the algebraic cobordism ring established in 
[T5] . We recall the definition for the reader's convenience. 

Double point relation: 

Assume that we have three smooth hypersurfaces A, B and C on a smooth variety Z such 
that the following conditions hold 

(1) C is linear ly equivalent to A + B 

(2) y4, B and C have transverse pairwise intersections 

(3) C does not intersect Ar\ B 

Then we have the following double point relation. Denote by D the intersection Ar\ B. We 
have 

[C ^ Z] = [A^ Z] + [B ^ Z] - [Pz) ^ Z] 

in fi*(X), where P^^ = ¥{Od © Na/d) = ^d{Nb/d © Od) and the map P^ ^ Z is the 
composition of the natural projection ^ D with the embedding D G Z. Here N^/d and 
Nb/d are the normal bundles to D in A and B, respectively. The second condition ensures 
that F{Od © Na/d) = ^d{Nb/d © Od) (since L{C)\d = (L^A) © L{B))\d = Na/d © Nb/d is 
trivial) . 

This formulation is a special case of the extended double point relation in [151 Lemma 5.2]. 
The double point relation allows to express geometrically the discrepancy between the additive 
formal group law and the universal one. Namely, since C = F{A, B) by the first condition, we 
get 

A + B-F{A,B) = [Fd Z]. 
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We will use this equation when proving Proposition 12.11 

We will also use repeatedly the projective bundle formula, wliich we recall below for the 
reader's convenience. For more details see [Ul Section 1.1] and [161 3.5.2]. 

Projective bundle formula: Let E ^ X he a vector bundle of rank r over X. Denote 
hy Y = ¥{E*) the variety of hyperplanes of E, and by vr the natural projection tt : Y ^ X. 
The variety F{E*) is a fibration over X with fibers isomorphic to P''"^. Note that equivalently 
F{E*) can be defined as the variety of one-dimensional quotients of E since there is a canonical 
isomorphism between the variety of hyperplanes and the variety of quotients by hyperplanes 
in a vector space. This is how F{E*) is defined in [TH Section 1.1] (where it is denoted by 
F{E)). Let A*{—) be any oriented cohomology theory. Denote by ^ the first Chern class of 
the tautological quotient line bundle on Y whose restriction on each fiber of Y over X 

coincides with Cpr-i(l). The first Chern can be defined as ^ = s*s^,(ly) where s : F — j- 0^(1) 
is the zero section and ly G A^(Y) is the multiplicative unit element. Then there is a ring 
isomorphism: 

r 

A*{Y) = A*{Xm/{J2{-iyc,{7r*E)C-^). 

j=0 

The isomorphism identifies a polynomial Bq + biC, + ■ ■ ■ + &n-iC"~^ ^*(^)[^] with the element 
7r*6o + (7r*&i)C + • • • + (7r*6„„i)^"~^ in A*{Y). In particular, A*(Y) splits into the direct sum 
7r*A*{X) © ^7r*A*{X) © ... © 
Note that the relation 

r 

J2{-iyc,{7r*E)C-^ = 
i=o 

admits the following alternative description. Consider a short exact sequence of vector bundles 
on Y: 

O^te^ 7t*E Oe{1) 0, 

where te is the tautological hyperplane bundle on Y. By the Whitney sum formula we have 
that the total Chern class c{']t*E) is equal to the product c(rE)c(Cs(l)). Since c(C£;(l)) = 1 + ^ 
we have c{t:*E) = c{te){1 + 0- We now divide this identity by (1 + ^) (that is, multiply by 
^r+dimx-i^_^p-^,^ and get that c{te) = c(7r*E)(E;lS''"^''(-l)^e). In particular, 

r 

c,(r^) = (-lr^(-lyc,(7r*E)^-^ 

j=0 

so we can interpret the relation above as the vanishing of the r-th Chern class of the bundle te 
(which has rank r — 1). 

2.1. A formula for the push- forward. Let X be a smooth algebraic variety, and E ^ X a. 
vector bundle of rank two on X. Consider the projective line fibration Y = F{E) defined as the 
variety of all lines in E. We have a natural projection tt : Y ^ X which is projective and hence 
induces a push-forward (or transfer, sometimes also called Gysin map) tt^, : Q*{Y) — )■ Q*{X). 
We now state a formula for this push-forward. Note that this formula is true not only for 
algebraic cobordism but for any orientable cohomology theory, as the proofs remain true in this 
more general case. 
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Consider the ring of formal power series in two variables yi and j/2 with coefficients in Q*{X). 
Define the operator A on this ring by the formula 

A{f) = {l + a) ^ 

F{yi,x{y2)) 

where 1/2) := /(|/2,?/i)- Here F is the universal formal group law (or more generally, 

the one of the orientable cohomology theory one considers) and x is the inverse for the formal 
group law F, that is, x is uniquely determined by the equation F {x, xi^)) = (we use notation 
from 2.5]). The operator A is an analog of the divided difference operator introduced in 
[H [10] . In the case of Chow rings, our definition coincides with the classical divided difference 
operator, since the formal group law for Chow ring is additive, that is, F{x,y) = x + y and 
x{x) = —x. Though A{f) is defined as a fraction, it is easy to write it as a formal power series 
as well (see Section 5). Such a power series is unique since F{yi, x{y2)) = ?/i — 2/2 + • • • is clearly 
not a zero divisor. E.g. we have 

A{1) = ^ ^ ^^^^ = q{x, x{x)) = -au - ai2{x + x{x)) + . . . , 

where x = F{yi,x{y2)), and q{x,y) is the power series uniquely determined by the equation 
F{x, y) = x + y — xyq{x, y). In particular, since F{x, x{x)) = by definition of the power series 
x(a;), we have x + x{x) — xx{x)q{x, x{x)) = which justifies the second equality. For the last 
equality, we used computation of the first few terms of F{x,y) and x{x) from [Hl 2.5]. Here 
au, ai2 etc. denote the coefficients of the universal formal group law, that is, 

F{x, y) = x + y + auxy + ai2xy'^ + 

The coefficients aij are the elements of the Lazard ring L*, e.g. au = —[P^]; "^12 = 0,21 = 
[Pi]2 - p2 (see [H 2.5]). We also have 

F(x, 1/2) — 2/2 

A{yi) = y2A{l) H = y2qix, xix)) - l/2g(x, 2/2) + 1 = 1 + 012^1^/2 + • • • • 

x 

The puU-back vr* : n*{X) -> n*{Y) gives n*{Y) the structure of an fi*(X)-module. Recall that 
by the projective bundle formula we have an isomorphism of n*(X)-modules 

where ^ = Ci{Oe{^))- Since the push-forward is a homomorphism of i7*(X)-modules, it is 
enough to determine the action of vr* on ly and on C,- The following result is a special case of 
[2T| Theorem 5.30], which gives an explicit formula for the push-forward tt^, for vector bundles 
of arbitrary rank. 

Proposition 2.1. pTl Theorem 5.30] Let and C,2 be the Chern roots of E, that is, formal 
variables satisfying the conditions ^1 + ^2 = Ci{E) and ^1^2 = C2{E). Then the push-forward 
acts on ly and ^ as follows: 

7r,(ly) = [A(l)](ei,6), 

7r,(0 = [A(i/i)](ei,6), 
where A{1) and A{yi) are the formal power series in two variables defined above. 

Since A{1) and A{yi) are symmetric in yi and y2, they can be written as power series in 
Vi + y2 and 2/12/2 ■ Hence, the right hand sides are power series in Ci{E) and C2{E) and even 
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polynomials (as all terms of degree greater than dim X will vanish by [15]^). So the right hand 
sides indeed define elements in Q*{X). 

For the Chow ring and Kq, analogous statements were proved in flU\ Propositions 2.3,2.6] for 
certain morphisms Y ^ X. Note that for both of these theories, the formula for 7r*(,^) reduces 
to 7r*(^) = 1 since the corresponding formal group laws do not contain terms of degree greater 
than two. As Vishik showed (see pT[ Theorem 5.35]), his formula is equivalent to Quillens 
formula [18] for complex cobordism, as also proved by Shinder in the algebraic setting |19] . We 
give a new geometric proof of Proposition l2.1l (that is, of Vishik's formula for rank two bundles) 
based on the double point relation in algebraic cobordism. 

Proof. First, note that replacing E with Em = E ® M for an arbitrary line bundle M on X 
does not change the variety Y and the map vr. However, this does change the tautological 
quotient line Ci{Oe{^))- More precisely, we have the foUowing isomorphism of line bundles on 
Y (compare e.g. [TS^ Proof of Lemma 7.1]): 

'k*M®Oe{1) = OeA^). 

Let us denote by the first Chern class of the tautological quotient line bundle Oem^X)- The 
identity above implies that = F{^,'k*ci{M)) or equivalently ^ = 7r*ci(M*)). Hence, 

to compute vr^,^ it is enough to compute vr^ly and n^^u for some M. It is convenient to choose 
M = so that Em has a trivial summand, and hence one of the Chern roots of Em is zero. 
Thus we can assume that E = Ox © L. In this case, the second formula of Proposition 12.11 
reduces to vr^,^ = 1, which is easy to show by similar methods as for the Chow ring. Namely, 
consider the natural embedding i : X = F{Ox) Y = F{E). Then ^ = i^,lx by [Hl Lemma 
5.1.11]. Hence, 7r*(^) = nj^.lx = lx since n o i = idx- 

It is more difficult to compute vr^^ly, which is the cobordism class of [tt : F — )■ X]. For the 
Chow ring, it is zero by degree reasons, but for cobordisms it is not. E.g. even for a trivial 
bundle E we have [tt : F ^ X] = [vr : X x ^ X] = -an lx- We compute [vr : F ^ X] 
by representing it as one of the terms in a suitable double point relation. Namely, consider 
the variety Z = Y ^x^ and define three smooth hypersurfaces A, B and C on Z as foUows: 
A = {yxi{7i{y)) : y G Y)}, B = {i'{-n{y))xy -.yeY} and C = {yxy : y e Y}. Here i : X F 
and z' : X ^ r are the embeddings F{Ox) P(^) and P(L) F{E), respectively. Then it 
is easy to check (using again [TH Lemma 5.1.11]) that A = ci{pIOe{1)), B = ci^p^O e^l* 
and C = ci{Oe{1) Kl Oe^l*{1)), where pi, p2 are the projections of Z onto the first and the 
second factor, respectively. Hence, we have the FGL identity C = A + B — ABq{A., B) on Z, 
from which we can easily get the double point relation we need. Namely, apply 7r#pi^ to both 
sides and get that 

[n -.Y ^ X]='K,PuABq{A,B), 

because the other two terms cancel out. The right hand side can be computed by the projection 
formula using that AB = o"^,lx, where cr : X — )■ Z sends x to i{x) x i' (x). □ 

If we identify fi*(F) with the polynomial ring ^l* {X)[^] / {^'^ —ci{E)^+C2{E)) by the projective 
bundle formula, we can reformulate Proposition 12.11 as follows: 

vr.(/(0) = [^(/(yi))](ei,6) 

for any polynomial / with coefiicients in Q*{X) (where f{yi) in the right hand side is regarded 
as an element in n*(X)[[?/i, 7/2]]). In this form, Proposition 12.11 is consistent with the classical 
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formula for the push-forward in the case of Chow ring (cf. [161 Remark 3.5.4]). Indeed, 
since the formal group law for Chow ring is additive we have A(l) = — 1 — = and 

at- & \ y 2/1-2/2 J/2-J/i 

Vfiy J/l -J/2 2/2-2/1 

Definition 2.2. We define an Q*{X)-linear operator A^^ on Q*{Y) as follows. We have an 
isomorphism 

Q*{X)[[y,,y2]]/{yi + y^ - ci{E),y,y2 - c^iE)) = Q*{Y) 

given by f{yi,y2) ^ f{^,Ci{E) — ^)). Then the operator A on fl*{X)[[yi,y2]] descends to an 
operator A.,^ on Q*{Y), which can be described using the above isomorphism as follows 

A^ : /(e,Ci(E) -0 ^ [Aif{y^,y2)m,c,{E)-0- 
We also define a Q* (X) -linear endomorphism o"^ ofQ*{Y) by the formula: 

cr_/(e,ci(Æ;)-o = /(ci(i?)-e,0- 

The operator A^, is well-defined since A preserves the ideal {yi + y2 — Ci{E),yiy2 — C2 (-£")). 
Indeed, for any power series f{yi, y2) symmetric in t/i and y2 (in particular, for yi+y2 — ci{E) 
and yiy2 — C2{E)) and any power series g{yi,y2) we have A{fg) = fA{g). The operator A.„ 
decreases degrees by one, and its image is contained in 7r*Q*{X) C Q*{Y), which can be 
identified using the above isomorphism for Q*{X) with the subring of symmetric polynomials 
in yi and y2- Proposition 12.11 tells us that the push-forward vr* : Q*{Y) — )■ Q*{X) is the 
composition of A.,^ with the isomorphism 7r*f2*(X) = Q*{X), which sends (under the above 
identifications) a symmetric polynomial f{yi,y2) into the polynomial g{ci{E),C2{E)) such that 
9{yi + I/25I/1I/2) = f{yi,y2)- Hence, we get the foUowing coroUary, which we will use in the 
sequel. 

Corollary 2.3. The composition 7r*7r* : Q*(Y) — Q*{Y) is equal to the operator A.^: 

7r*7r* = At,. 

In the special case Y = G/B and X = G/Pi (and this is the main application we have, see 
Section [32]), the topological analogue of this formula appeared in [31 CoroUary-Definition 1.9] 
for a different definition of A^,. 

2.2. Algebraic cobordism groups of cellular varieties. We start with the definition of 
a cellular variety. The foUowing definition is tåken from [TTl Example 1.9.1], other authors 
sometimes consider slight variations. 

Definition 2.4. We say that a smooth variety X over k is "cellular" or "admits a cellular 
decomposition" if X has a filtration = X_i C Xq C Xi C ... C X„ = X by closed subvarieties 
such that the Xj— Xj_i are isomorphic to a disjoint union of affine spaces A"^' for all i = 0, n, 
which are called the "cells" of X . 

Examples of cellular varieties include projective spaces and more general Grassmannians, 
and complete flag varieties G/ B where G is a split reductive group and i? is a Borel subgroup. 

The following theorem is a corollary of [22, Corollary 2.9]. We thank Sascha Vishik for ex- 
plaining to us how it can be deduced using the projective bundle formula. The main point is that 
for d = dim X and i an arbitrary integer, one has for A = Q that f2*(X) =: Qd-i{X) is isomor- 
phic to ifom(74(rf— i) [2((i— i)], M(X)) using that in the notation of loe. cit. Hom{A{d — i)[2d — 
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2i], M{X)) is a direct summand in HomiMiF"^-'), M{X)) = Aa-iOP"^-' xX) = ©^^^* Ad_i_j(X), 
and it is not difficult to see that it corresponds to the summand with j = 0. 

Theorem 2.5. Let X be a variety with a cellular decomposition as in the definition above. 
Then we have an isomorphism of graded abelian groups (and even ofh-modules) 

where the sum is tåken over the cells of X . There is a basis in Q*{X) given by resolutions of 
cell closures (choose one resolution for each cell). 

The second statement of this theorem follows from the first one if we show that the cobor- 
dism classes of resolutions of the cell closures generate Q*{X). This can be deduced from the 
analogous statement for the Chow ring using Theorem 1.2.19, Remark 4.5.6]. For complex 
cobordism of topological complex cellular spaces, the corresponding theorem simply follows 
from an iterated use of the long exact localization sequence which always splits as everything 
in sight has Mf/*-groups concentrated in even degrees only. Note also that in the topological 
case, the Atiyah-Hirzebruch spectral sequence degenerates for these spaces, which allows to 
transport information from singular cohomology to complex cobordism. As Morel points out, 
the analogous motivic spectral sequence invented by Hopkins-Morel (unpublished) converging 
to algebraic cobordism does not in general degenerate even for the point Spec{k), because the 
one converging to algebraic i^-theory does not. 

We now turn to the ring structure. First, we note that if = C, then there is a map of graded 
rings and even of L-algebras fl* (X) — )■ M?7^*(X(C)"'^) by universality of algebraic cobordism 
[m Example 1.2.10]. Using the geometric description of push-forwards both for Q* and MU* 
and the fact that the above morphism respects push-forwards [T^ as well as [15j, we may 
describe this map explicitly by mapping an element [Y — )■ X] of f2*(X) to [F(C)"" — >• X(C)""] 
in M[/^*(X(C)""). As both product structures are defined by taking cartesian products of the 
geometric representatives and pulling it back along the diagonal of X resp. X(C)"", we see that 
this map does indeed preserve the graded L-algebra structure. Also, for any embedding A; — )■ C 
we obtain a ring homomorphism from algebraic cobordism over k to algebraic cobordism over 
C. 

For the fiag variety of GLn, this is an isomorphism by Theorem 2.6 below which is also 
valid for MU*, as both base change from k to C and complex topological realization respect 
products and first Chern classes. For general cellular varieties, it is still an isomorphism. This 
is probably known to the experts, we provide a proof in the appendix. 

For some varieties X, the ring structure of fl* (X) can be completely determined using the 
projective bundle formula [TH Section 1.1]. This is the case for the variety of complete fiags for 
G = GLn (see Theorem 12.61 below) and also for Bott-Samelson resolutions of Schubert cycles 
in a complete fiag variety for any reductive group G (see Section 3). 

2.3. Borel presentation for the fiag variety of GL^. We now turn to the case of the 
complete fiag variety X for G = GL^ik). The points of X are identified with complete fiags in 
/c". A complete fiag is a strictly increasing sequence of subspaces 

F = {{0} = F° C C c . . . C F" = r} 
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with dim(F'^) = k. The group G acts transitively on the set of all flags, and the stabilizer of a 
point is isomorphic to a Borel subgroup B G G, which makes X = G/B into a homogeneous 
space under G. By this definition, X has structure of an algebraic variety. 

Note that over C, one may equivalently define the flag variety X to be the homogeneous 
space K/T under the maximal compact subgroup K G G, where T is a maximal compact torus 
in K (that is, the product of several copies of S^) [2\. E. g., for G = GL„(C) (resp. ^^^(C)), 
the maximal compact subgroup is U{n) (resp. SU{n)). This is the language in which many of 
the definitions and results in [1], [2] and ^ are stated. We sometimes allow ourselves to use 
those definitions and results which do carry over to the "algebraic" case (reductive groups over 
k) without mentioning explicitly the obvious changes that have to be carried out. 

There are n natural line bundles Li,. . . ,L„ on X, namely, the fiber of Lj at the point F is 
equal to F^F^'^. Put Xi = Ci(Lj), where the first Chern class Ci with respect to algebraic 
cobordism is defined in [T3]. Note that our definition of Xi differs by sign from the one in [TB] . 
The following result on the algebraic cobordism ring is an analog of the Borel presentation for 
the singular cohomology ring of a flag variety. In fact, it holds for any orientable cohomology 
theory since its proof only uses the projective bundle formula. 

Theorem 2.6. Let A*{—) be any orientable cohomology theory (e.g. GH*{—) orQ*{—)). Then 
the ring A* {X) is isomorphic as a graded ring to the ring of polynomials in xi,. . . , Xn with 
coefficients in the coefficient ring A* {pt) and deg{xi) = 1, quotient by the ideal S generated by 
the symmetric polynomials of strictly positive polynomial degree: 



More generally, let E be a vector bundle of rank n over a smooth variety Y and ¥{E) be the 
flag variety relative to this bundle. Then we have an isomorphism of graded rings 



where I is the ideal generated by the relations ek{xi, ..^Xn) = Ck{E) for 1 < k < n with Ck 
denoting the k-th elementary symmetric polynomial. 

Proof. The proof of ^16t Theorem 3.6.15] for the Chow ring case can be slightly modifled so 
that it becomes applicable to any other orientable theory A*. Namely, for an arbitrary oriented 
cohomology theory A* , it is more convenient to dualize the geometric argument in [121 Theorem 
3.6.15] because we can no longer use that Ci{E) = (— l)*Ci(i?*) for a vector bundle E (which is 
used implicitly several times in the proof of [IHl Theorem 3.6.15]). That is, we start with the 
variety of partial flags Pi = { F"-"* C F""*"*"^ C . . . C F" = fc"} (e. g. Pi is the variety of 
hyperplanes in /c" and Pn-i = X). The rest of the argument is completely analogous to the 
proof of pj&, Theorem 3.6.15]. We give the details below for the reader's convenience. 

Denote by VU,- the corresponding tautological vector bundle of rank j over Pi, where j > n — i 
(that is, the flber of VU,- over a point { F"~* C F""*"*"^ C . . . C F"} is equal to Fj). In particular, 
Li defined above is equal to Wj/Wj-i. Put Zj = Ci(Lj). As Pi = P((W„_j+i)*) is the projective 
bundle over Pj_i and the hne bundle Cw„_^_^i(l) is isomorphic to the projective bundle 

formula for orientable cohomology theories [T^ Section 1.1] yields 



A* (X) ~ A*{pt)[x 



Xn]/S. 



A*{¥{E))c^A*ipt)[xi,...,Xn]/I 



n—i+1 



A*iP,) = A*(F,_i)[x„_,+i]/( (-iyc,(W„-.+i) 



x: 



n—i+l—j 
n— j+1 



j=0 
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Or, using the above interpretation of the relation in the projective bundle formula and the short 
exact sequence of vector bundles on 

we get 

A*{P,) = A*(P,_i)[x„_,+i]/(c„_,+i(W„-.)). 

It remains to compute Cn-i+i{Wn-i) ■ This can be done by induction on i starting from i = 
(in which case Wn is a trivial line bundle) and applying the Whitney sum formula to the short 
exact sequence of vector bundles above. We get c(Wn-i) = YYj=n-i+i^i^j)~^ ~ YYj=n-i+Å^ + 
Xj)~^ = ^fc>o(~l)'^^fc(a^n-i+i5 • • • 5 Xn), where hk{xn-i+i, • • • , Xn) denotes the sum of all monomi- 
als of degree k in Xn-i+i,. ■ ■ ,Xn. In particular, c„_i+i(W„_i) = (-l)""*+^/i„_i+i(a;„_i+i, . . . , 
From this we deduce that 

A*{Pi) = A* {Pi^i)[Xn-i+l]/ {hn-i+l{Xn-i+l, ■ ■ -yXn)), 

and hence 

The ideal generated by the relations hn-i+i{xn-i+i, ■ • • , Xn) is exactly S, which is easy to check 
starting with the recurrence relation 

hi{X\, ■ ■ ■ 1 Xn) hii^Xi, • • • 1 Xn) ~\~ ^ ^ Xjhi—\{Xj, • • • i Xn)- 

j<i 

The proof of the more general case is completely analogous to the proof of [T6| Proposition 
3.8.1]. Note that the proof of [121 Proposition 3.8.1] does not really use [Ml Theorem 3.6.15] 
as an induction base (despite the claim in the proof) and in fact gives another proof for [THl 
Theorem 3.6.15], which is also applicable to an arbitrary oriented cohomology theory. □ 

Remark 2.7. The proof immediately implies that the class of a point in A* {X) is equal to 
Xn~^XnZi ■ ■ ■ X2- Siucc ■ ■ ■ X2 = ^ ni>j(^i ~ ^j) ^lod S (which is easy to show by 

induction on n using that (x„ — x„_i) ■ ■ ■ (a;„ —xi) = nXn~^ mod S) we also have that the class 
of a point can be represented by the polynomial A„ = ^ ni>j(^« — Xj). 

Note that the proof also gives an explicit formula for the classes of one-dimensional Schubert 
cydes Xi = X^^^ , • • • , Xn-i = ^sj^_^ in X corresponding to the simple roots 71,. . . ,7n-i of GLn 
(see the beginning of Section 3 for the definition of the Schubert cycles X^ for w in the Weyl 
group of G). The cycle X^ consists of flags F = {{0} = F° C C C . . . C F" = fc"} such 
that all F* except for F'' are fixed. Then the class of X^ is equal to the class of a point divided 
by Xk+i- Indeed, to get the class of X^ C X we should take the point in Pn-k-i corresponding 
to the fixed partial flag {F*^"*"^ C F'^^'^ C ... C F" = å;"} and then take a line in a fiber 
of the projective bundle Pn-k Pn-k-i over this point. Namely, the line will consist of all 
hyperplanes in F^^^ that contain the fixed codimension two subspace F^~^. Again it is easy 
to show by induction on n that the polynomial Xn~^XnZi ■ ■ ■X2/xk is equal to 2A„/ (0:^+1 — Xk) 
modulo the ideal S. 

Note that the Borel presentation for singular cohomology implies, in particular, that Picard 
group of the flag variety is generated (as an abelian group) by the flrst Chern classes of the 
line bundles Li,. . . ,L„ the only nontrivial relation being ^ci(Lj) = 0. In what foUows, we 
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will also use the foUowing alternative description of the Picard group of X. Recall that each 
strictly dominant weight A of G defines an irreducible representation tt^ : G — > GL{Vx) and an 
embedding G/B ^ F{Vx). Hence, to each strictly dominant weight A of G we can assign a very 
ample line bundle L{X) on X by taking the puU-back of the line bundle (9p(y^)(l) on P(Va). The 
map A H- L{X) extended to non-dominant weights by linearity gives an isomorphism between 
the Picard group of X and the weight lattice of G [5, 1.4.3]. In particular, for the line bundles 
above we have = L{—ei) where Cj is the weight of GL„ given by the i-th entry of the diagonal 
torus in GLn- 

We now compute Ci(L(aj)) as a polynomial in Xi,. . . , x„. Let 71,. ..,7„_i be the simple 
roots of G (that is, 7i = — Cj+i). We can express the line bundles L{ji) in terms of the line 
bundles Li,. . . ,Ln. Since Li = L{—ei) and 7i = — Cj+i, we have that the line bundle i^(7i) is 
isomorphic to (g) Lj+i. In particular, we can compute 

Ci(L(7i)) = Ci(Lri OLi+i) = F{xixi), Xi+i). 

E.g. by the formulas for F{x, y) and x{^) from [TH 2.5] the first few terms of ci(L(7j)) look as 
foUows 

ci(L(7,;)) = -Xi + Xi+i + oiiz- - aiiXiXi+i + . . . , 

where an = — [P"*"]- 

In what follows, we will use the isomorphism W = S^. The simple reflection Sa for any 
root a = Cj — Cj acts on the weight lattice (spanned by the weights ei,. . . ,e„, which form an 
orthonormal basis) by the reflection in the plane perpendicular to e, — Cj and hence permutes 
the weights ei,. . . , e„ by the transposition {i j). 

3. Schubert calculus for algebraic cobordism of flag varieties 

In this section, we assume that G is an arbitrary connected split reductive group unless we 
explicitly mention that G = GLn{k), and X = G/B is the complete flag variety for G. We now 
investigate the ring structure of Q*{X) in more geometric terms. 

3.1. Schubert cycles and Bott-Samelson resolutions. Recall that the flag variety X is 
cellular with the foUowing cellular decomposition into Bruhat cells. Let us flx a Borel subgroup 
B. For each element w & W of the Weyl group of G, deflne the Bruhat (or Schubert) cell 
as the i?-orbit of the the point wB G G/B = X (we identify the Weyl group with N{T)/T 
for a maximal torus T of G inside B). The Schubert cycle is deflned as the closure of 
Gw in X. The dimension of X^ is equal to the length of w Recall that the length of an 
element w & W is deflned as the minimal number of factors in a decomposition of w into the 
product of simple reflections. Recall also that for each /-tuple / = (ai, . . . ,ai) of simple roots 
of G, one can deflne the Bott-Samelson resolution Rj (which has dimension /) together with 
the map vj : Rj ^ X. Bott-Samelson resolutions are smooth. Consequently, for any / the map 
Tl : Rj ^ X represents an element in VL*{X) which we denote by Zi. 

Denote hy Sa & W the reflection corresponding to a root a, and by si the product Sa^ - ■ ■ Sai- 
If the decomposition si = Sa^ ■ ■ ■ deflned by / is reduced (that is, sj can not be written as 
a product of less than / simple reflections, or equivalently, the length of sj is equal to /), then 
the image rj{Rj) coincides with the Schubert cycle Xsj (which we will also denote by Xj). 
The dimension of Xj in this case is also equal to / and the map ri : Ri ^ Xi is a birational 
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isomorphism. In this case, the variety Rj is a resolution of singularities for the Schubert cycle 

Bott-Samelson resolutions were introduced by Bott and Samelson in the case of compact Lie 
groups, and by Demazure in the case of algebraic semisimple groups [lO]. There are several 
equivalent definitions, see e. g. [6l [TOl [16]. We will use the definition below (which follows 
easily from [6l 2.2]), since it is most suited to our needs. Namely, Ri is defined by the following 
inductive procedure starting from Rij^ = pt = Spec{k) (in what follows we will rather denote 
Rø by Re). For each j-tuple J = («i, . . . , aj) with j < I, denote by J U {j + 1} the (j + 1)- 
tuple («1, . . . , «j, «j+i). Define i?ju{j+i} as the fiber product Rj y-o/Pj+i G/B, where Pj+i 
is the minimal parabolic subgroup corresponding to the root «j+i. Then the map rju{j+i} : 
-Rju{j+i} — )■ X is defined as the projection to the second factor. In what follows, we will use 
that Rj can be embedded into -Rju{j+i} by sending x E Rj to {x,rj{x)) G Rj Xq/p^^^ G/B. 

In particular, one-dimensional Bott-Samelson resolutions are isomorphic to the corresponding 
Schubert cycles. It is easy to show that any two-dimensional Bott-Samelson resolution Rj for 
a reduced / is also isomorphic to the corresponding Schubert cycle. More generally, Rj is 
isomorphic to Xj if and only if all simple roots in I are pairwise distinct (in particular, the 
length of / should not exceed the rank of G). The simplest example where Rj and Xj are not 
isomorphic for a reduced / is G = GL^ and I = (71,72,71) (where 71, 72 are two simple roots 
of GLs). 

It is easy to show that i?ju{j+i} is the projectivization of the bundle rj7i*_^_^E, where E is the 
rank two vector bundle on G/Pj+i defined in the next subsection and VTj+i : G/B ^ G/Pj+i is 
the natural projection. This is the definition used in [4j. In the topological setting, the vector 
bundle rj7i*_^_-^^E splits into the sum of two line bundles [1] but in in the algebro-geometric 
setting this is no longer true (though rjiTj^^E still contains a line subbundle as follows from 
the proof of Lemma 13. 4p . 

This definition of Rj allows to describe easily (by repeated use of the projective bundle 
formula) the ring structure of the cobordism ring Q*{Ri). It also implies that Rj is cellular 
with 2' cells labeled by all subindices J C I. 

The cobordism classes Zj of Bott-Samelson resolutions generate fl* [X) but do not form 
a basis. The following proposition is an immediate corollary of Theorem 12.51 An analogous 
statement for complex cobordism is proved in |H Proposition 1] by using the Atiyah-Hirzebruch 
spectral sequence (as mentioned in Section 2). 

Proposition 3.1. As an h-module, the algebraic cobordism ring Q*{X) of the flag variety is 
freely generated by the Bott-Samelson classes Z^^j) where w E W and I{w) defines a reduced 
decomposition for w (we choose exactly one I (w) for each w). 

There is no canonical choice for a decomposition I {w) of a given element w in the Weyl 
group. From the geometric viewpoint it is more natural to consider all Bott-Samelson classes 
at once (including those for non-reduced /) even though they are not linearly independent over 
L. So throughout the rest of the paper we will not put any restrictions on the multiindex /. 

3.2. Schubert calculus. We will now describe the cobordism classes Zj as polynomials in the 
first Chern classes of line bundles on X. This allows us to compute products of Bott-Samelson 
resolutions and hence achieves the goal of a Schubert calculus for algebraic cobordism. 
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We first define operators Ai on Q*{X) following the approach of the previous section (see 
Definition 12. 2p . These operators generahze the divided difference operators on the Chow ring 
CH*{X) defined in [U [TDl E] to algebraic cobordism. 

We first define operators Ai for GLn since in this case the Borel presentation allows to make 
them more exphcit. We start with the subgroup B of upper triangular matrices and the diagonal 
torus, which yields an isomorphism W = Sn- Under this isomorphism, the refiection Sa with 
respect to a root a = Ci — ej goes to the transposition {i j) (see the end of Section 2). For 
each positive root a of G, we define the operators cTq, and A^ on the ring of formal power series 
L[[a;i, . . . ,Xn]] as follows: 

...,Xn) = fiXs^(l), . . .,Xs^(n)), 

Aa + ^°)^(^a,._^^^^(a,.))■ 
It is easy to check that is well-defined on the whole ring L[[xi, . . . (see Section 5). 
Note also that under the homomorphism L[[xi, . . . , Xn]] — > lL[xi, . . . , Xn]/S = Q*{X) the power 
series F(xj+i, xi^i)) maps to ci(L(7j)) (see the end of Section 2), so our definition for additive 
formal group law reduces to the definition of divided difference operator on the polynomial ring 
Z[xi, . . . ,Xn] (see |l6l 2.3.1]). Finally, we define the operator A^ : fl*{X) — )■ Q*{X) using the 
Borel presentation by the formula 

Aa{f{Xi, . . . , Xn)) = Aa{f){Xi, . . . , Xn) 

for each polynomial / G L[xi, . . . ,Xn]- Again, by degree reasons the right hand side is a poly- 
nomial. The operator Aa is well defined (that is, does not depend on a choice of a polynomial 
/ representing a given class in L[zi, . . . , Xn]/S) since for any polynomial h and any symmetric 
polynomial g we have Aa{gh) = gAa{h). 

We now define Ai = Aa^ for an arbitrary reductive group G and a simple root «j. Denote 
hy Pi G G the minimal parabolic subgroup corresponding to the root «j. Then X = G/B 
is a projective line fibration over G/Pi. Indeed, consider the projection tTj : G/B — )■ G/Pi. 
Take the line bundle L{p) on G/B corresponding to the weight p, where p is the half-sum 
of all positive roots or equivalently the sum of all fundamental weights of G (the weight p is 
uniquely characterized by the property that (p, a) = 1 for all simple roots a). Then it is easy 
to check that the vector bundle E := TTi^L{p) on G/Pi has rank two and G/B = F{E). Note 
that tensoring E with any line bundle L on G/Pi does not change F{E) = F{E L) so the 
property ¥{E) = X does not uniquely define the bundle E. However, the choice E = TTi^L{p) 
(suggested to us by Michel Brion) is the only uniform choice for all i, since L{p) is the only line 
bundle on X with the property P(7rj^L(p)) = X for all i. We now use Definition 12.21 to define 
an Q* [G / Pi)-lmea.T operator Ai := A.,^- on Q*{X). For G = GLn, this definition coincides with 
the one given above. This is easy to show using that G/Pi for ai = ji is the partial fiag variety 
whose points are fiags F = {{0} = F° C . . . C F'-^ C F'+^ C . . . C F" = fc"}. 

Let I = («1, . . . , ai) be an /-tuple of simple roots of G. Define the element TZj in Q*{X) by 
the formula 



TZi := A1...A1Z,. 
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In the case G = GLn, we can also regard TZj as a polynomial in L[xi, . . . , Xn]/S. Similar to 
[H, Theorem 3.15] or [H page 807], one may describe Z^. for general G using the formula 



where i?"*" denotes the set of positive roots of G (recall that \R^\ = dim X =: d). As in the 
Chow ring case, there is also the formula 

Both formulas immediately follow from the analogous formulas for the Chow ring [H Theorem 
3.15, CoroUary 3.16] since fi'^(X) ~ CH'^{X) (as follows from [H Theorem 1.2.19, Remark 
4.5.6]). 

Note that for GL„ the formula for IZ^ reduces to IZ^ = A„ since Ci(L(ej— Cj)) = xj— Zj+higher 
order terms, and hence the equality = TZe follows from Remark 12.71 In particular, by the 
same remark TZe modulo S has a denominator-free expression x^~^x^Zi ■ ■ ■ X2- 

We now prove an algebro-geometric version of [11, Corollary 1, Proposition 3] using our 
algebraic operators A^. 

Theorem 3.2. The cobordism dass Zj = [rj : Rj ^ X] of the Bott-Samelson resolution Ri is 
equal to TZj. 

Proof. The essential part of the proof is the formula for the push-forward as stated in Corollary 
12.31 Once this formula is established it is not hard to show that AiZj = 2^/u{i} for all / by 
exactly the same methods as in the Chow ring case [16] and in the complex cobordism case [1]. 
Namely, we have the foUowing cartesian square 

G/B Xg/p, G/b G/B 
Pl 

G/B G/Pi. 

E.g., if G = GLn we get exactly the diagram of [TBl proof of Lemma 3.6.20]. Using this 
commutative diagram and the definition of Bott-Samelson resolutions it is easy to show that 
Hi*'7ii^,Zj = Zju^i^ [?l proof of Proposition 2.1]. We now apply Corollary 12.31 and get that 
Ai = 7Ti*TTi^. It follows by induction on the length of / that Zj = Ai . . . AiZ^,. □ 

Remark 3.3. Note that if we apply the base change formula [T^ Definition 1.1.2 (A2)] to 
the cartesian diagram from the proof of Theorem 13. 2^ we get pi^P2 = T^i^^i*, where the right 
hand side is precisely the definition of the "geometric" operator denoted Ai in |4j, while the 
left hand side is the operator denoted 6i in [TB] proof of Theorem 3.6.18]. Hence Mani vel and 
Bressler-Evens consider the same operators. 

We now compute the action of the operator Ai on polynomials in the first Chern classes (this 
computation will be used in Sections 4 and 5). Consider the operator (Xj := again defined 
as in Definition 12.21 Note that cXi corresponds to the simple reflection Si := Sq,. in the following 
sense. 
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Lemma 3.4. For any line bundle L{X) on X , we have 

a,(ci(L(A))) = ci(L(s,A)). 

Proof. Since X = F{E) (recall that E = -Ki^.Llp)), the bundle 7[*E on X admits the usual short 
exact sequence 

O^te^ tx*E Oe{1) 0, 

where te is the tautological hne bundle on X (that is, the fiber of te at the point x G X = W{E) 
is the line in E represented by x). Note that in our case ¥{E) = P(_E''^"'^') since E is of rank 
two (thus hyperplanes in E are the same as lines in E). It is easy to show that there is an 
isomorphism of line bundles 

r-i®Oi5(l) = L(«i). 

(Moreover, one can show that te = L{p — ai) and C_b(1) = L{p).) Indeed, t]^^ ® ^siX) — 
HomijE, Oe{X)) can be thought of as the bundle of tangents along the fibers of vTj. The latter 
is the line bundle associated with the 5-module pj/b, which has weight —ai (see [H Remark 
1.4.2] for an alternative definition of the line bundles L{X) in terms of the one-dimensional 
S-modules). Here pi and b denote the Lie algebras of Pi and B, respectively. 

By definition, 0", switches Ci{te) and Ci((9e(1)). Hence, (Tj(ci(L(aj))) = ci(L(— «j)). Since 
the Picard group of G/ Pi can be identified with with the sublattice {A|(A, ai) = 0} of the weight 
lattice of G (this follows from [S] remark after Proposition 1.3.6] combined with [3 Proposition 
1.4.3]) we also have (Ti(ci(L(A))) = ci(L(A)) for all A perpendicular to ai. These two identities 
imply the statement of the lemma. □ 

This lemma allows us to describe explicitly the action of ai and hence of Ai on any polynomial 
in the first Chern classes. Indeed, since for any weight A we have SjA = X + kai for some integer 
k, we can compute ci{L{ai\)) = ci(L(A) ® as a power series in ci(L(A)) and ci(L(aj)) 

using the formal group law. This will be used in the proof of Proposition 14.31 below and in 
Subsection 5.1. 

4. Chevalley-Pieri formulas 

A key ingredient for the classical Schubert calculus is the Chevalley-Pieri formula for the 
product of the Schubert cycle with the first Chern class of the line bundle on X, see e. g. 
[1, Proposition 4.1] and fTO', Proposition 4.2]. We now establish analogous formulas for the 
products of Zj and TZj with ci(L(A)) (without using that Zj = TZi). At the end of this section, 
we explain why in the case of algebraic cobordism this alone is not enough to show that Zj = TZj, 
hence justifying our different approach of the previous two sections. 

By L{D) denote the line bundle corresponding to the divisor D. For each /-tuple / as above, 
denote by P the (/ — l)-tuple («i, . . . ,åj, . . . ,ai). For each root a, define the linear function 
(■, a) (that is, the coroot) on the weight lattice of G by the property SqA = A — (A, a)a for all 
weights A. (The pairing (a, 6) is often denoted by (a, 6^) or by {a,b).) Note that by definition 
(A, a) = {w\, wa) for all elements w of the Weyl group. 

Proposition 4.1. Geometric Chevalley-Pieri formula 

(1) (for Bott-Samelson resolutions) In the Picard group of Rj we have 

r;L(A) = ®5=,L(i?p)(^'^^) 
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where /3j = sr ■ ■ Sj+iaj. 

(2) (for Schubert cycles)[Tl Proposition 4.1], fTW, Proposition 4.4], [S] In the Chow ring of X 
we have 

ci(L(A))X, = ^(A,/3,)X,. 

where the sum is tåken over j G {1, ...,/} for which the decomposition defined by P is reduced. 

The first part of this proposition was proved in [4, Proposition 4] in the topological setting 
(for fiag varieties of compact Lie groups). It is not hard to check that the proof carries over to 
algebro-geometric setting. We instead provide a shorter proof along the same hnes. Our proof 
is based on the following lemma. 

Lemma 4.2. (TUl Proposition 2.1] Let p : Rj Rji be the natural projection (coming from the 
fact that we defined Rj as a projective bundle over Rji ). Then we have an isomorphism 

r}L{X) = p*r*,L{siX) ® L{RiiY^^'''^ 

of line bundles on Rj. 

Proposition 14.1( 1) now follows from Lemma 14.21 by induction on /. The base / = 1, that 
is rlL(X) = Opi follows from the fact that ri : i?i — ?■ X maps -Ri isomorphically to 

Pl/B = P^, which can be regarded as the flag variety for SL2. Then the weight A restricted 
to SL2 is equal to (A, ai) times the highest weight of the tautological representation of SL2, 
which corresponds to the line bundle (9pi(l) on P^. To prove the induction step plug in the 
induction hypothesis for r*iL{si\) = (8)^-^\L(i?p,i)(*''*'''^'-i ''^j+i"j^ j^^Q l^j^g lemma and use that 
(s/A, si-i ■ ■ ■ Sj+iOj) = (A, /3j) (since sf = e) and p*Rj3,i = Rjj. 

Proposition 14.1( 1) was used in [1] to establish an algorithm for computing ci(L(A))Z/ in 
fl* (X) We now briefly recall this algorithm. By the projection formula we have 

ci(L(A))Z, = (r,),(ci(r;L(A))). 

Note that the usual projection formula with respect to smooth projective morphisms f : X ^ Y 
holds for algebraic cobordism as well. This follows from the definition of products via puU- 
backs along the diagonal and the base change axiom {A2) of |ll] applied to the cartesian square 

obtained from Y '^^^ Y xY X xY. 

One can now use Proposition 14.1( 1) and the formal group law to compute Ci(r|L(A)) in 
terms of the Bott-Samelson classes in VL*{Ri) by an iterative procedure (since the multiplica- 
tive structure of fl* {Ri) can be determined by the projective bundle formula and the Chern 
classes arising this way again have form ci(L(A)) for some A). After ci(r|L(A)) is written as 
Tljci^^Å-^j] some aj G L it is easy to find (r/)^,(ci(r|L(A))) since {ri)^[Rj] = Zj. 

However, this procedure is rather lengthy, and we will not use it. Instead, we will prove a 
more explicit formula for ci(L(A))Z/ (see formula 5.1 below) using our algebraic Chevalley-Pieri 
formula together with Theorem 13. 2[ 



Proposition 4.3. Algebraic Chevalley-Pieri formula: 
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(1) (cobordism version) Let Ai = A^^,. . . , Ai = A^^ be the operators on Q*{X) corresponding 
to ai,. . . , ai. Then we have 

cim))Ai . . . AiU, = Y.Ai... . . . A7^e 

^ ci{L{aj)) 

in VL*{X), where Xj = ■ ■ -SiX and Sj = s^^ is the reflection corresponding to the root aj. 

(2) (Chow ring version) [H CoroUary 3.7] Let Ai = A^^^,. . . , Ai = A^i he the operators on 
CH*{X) corresponding to ai, . . . , ai. Then 

i 

ci{L{X))Ai . . . AiUe = ^(A, Sl--- Sj_iaj)Ai . . . Åj . . . A^7^e 

i=i 

m CH*{X). 

Proof. First, note that jg well-defined element in Q*{X) because SjX = 

X — {X,aj)aj (and hence L{X) = L(sjX) ® L(aj)^'^'°'^^) and the formal group law expansion for 
Cl (Li (g) L2) — ci(Li) is divisible by ci(L2) for any integer k (2.5.1)]. Next we show that 

(r(\y\A A (Ti \\\ ci(L(A)) -ci(L(3iA)) 

Ci(L(A))Ai - AiCi(L(siA)) = , 

ci(L(ai)) 

where both sides are regarded as operators on Q*{X). Indeed, by definition Ai = (l+ffi) ^^(^q,^)) 
and ci(L(A))cri = criCi(L(siA)) by Lemma 13^ 
Hence, we can write 



ci(L(A))Ai . . . AiTZ, = ^dm) ci{L{siX)) ^^ ^^^^ ^ AiCi{L{siX))A, . . . AiTZ. 

Ci{L{ai)) 



and then continue moving ci(L(siA)) to the right until we are left with with the term 
Al . . . AiCi{L{si . . . SiX))TZe- This term is equal to zero since Ci(L(s; . . . SiA))7^e is the prod- 
uct of more than dimX first Chern classes, and hence its degree is greater than dimX. The 
Chow ring case foUows immediately from the cobordism case since 



ci(L(A))-ci(L(s,A)) 



{X, aj) 



ci{L{aj)) 

in the Chow ring. The last identity holds because the formal group law for the Chow ring is 
additive, and hence ci(L(A)) — ci{L{sjX)) = {X,aj)ci{L{aj)). □ 

The second part of this proposition was proved in [Ij by more involved calculations. A 
calculation similar to ours was used in [17j to deduce a combinatorial Chevalley-Pieri formula 
for i^-theory. It would be interesting to find an analogous combinatorial interpretation of our 
Chevalley-Pieri formula in the cobordism case. 

Note that in the case of Chow groups, the algebraic Chevalley-Pieri formula for Ai . . . A{R.(. 
is exactly the same as the geometric one for the Schubert cycle Xi. Together with the Borel 
presentation this easily implies that the polynomial Ai . . . AiTZe represents the Schubert cycle 
X I whenever I defines a reduced decomposition [T] . Indeed, we can proceed by the induction on 
/. Algebraic and geometric Chevalley-Pieri formulas allow to compute the intersection indices 
oi Al . . . AiTZe and of Xj, respectively, with the product of k first Chern classes, and the result is 
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the same in both cases by the induction hypothesis (for all A; > 0). By the Borel presentation we 
know that the products of first Chern classes span Q)f=iCH^{X). Hence, by the non-degeneracy 
of the intersection form on CH*{X) (that is, by Poincaré duality) we have that Ai . . . AiTZe — Xi 
must lie in CH'^{X) = Z[pt] (that is, in the orthogonal complement to (Bf=iCW{X)). This is 
only possible ii Ai . . . AiRe — = (unless / = 0, which is the induction base). Note that the 
only geometric input in this proof is the geometric Chevalley-Pieri formula. 

In the cobordism case, it is not immediately clear why geometric and algebraic Chevalley- 
Pieri formulas are the same (though, of course, it follows from Theorem 13.21) . But even without 
using that TZi = Zj it might be possible to show that both formulas have the same structure 
coefficients, that is, if Ci{L{X))Zi = J2jci ^J^J then necessarily ci(L(A))7^/ = J2,jci 
with the same coefficients aj G L. However, this does not lead to the proof of TZj = Zj as 
in the case of the Chow ring. The reason is that even though there is an analog of Poincaré 
duality for the cobordism rings of cellular varieties, this only yields an equality TZj = Zj up 
to a multiple of [pt] (as in Lemma [4.41 below in the case of GLn/B), and this is not enough to 
carry out the desired induction argument. For the Chow ring, Poincaré duality also yields only 
an equality up to the class of a point, but unless 1 = 0, the difference TZj — Zj (where now Zj 
means the Schubert cycle and not the Bott-Samelson class) can not be a non-zero multiple of 
[pt] because the coefficient ring CH*{[pt]) = CH*{k) = Z is concentrated in degree zero, hence 
has no nonzero elements in the corresponding degree / — d. However, for algebraic cobordism 
the coefficient ring Q*{k) = L does contain plenty of elements of negative degree, so one can 
not deduce 71 j = Zj. 

Lemma 4.4. Let X = GLn/B and let c G VL*{X) = L[zi, . . . ,Xn]/S be a homogeneous element 
of degree I such that the product of c with any non-constant monomial in Xi,. . . ,z„ is zero. 
Then c belongs to L,''^^[pt], where d = n{n — l)/2. 

Proof. We will use that the ideal S contains all homogeneous polynomials of degree greater than 
d with integer coefficients [161 Corollary 2.5.6]. Let c be a homogenous element in L[zi, ...,x„] 
that represents c. Recall that L is isomorphic to the graded polynomial ring Z[ai,a2, . . .] in 
countably many variables, where Oj has degree —i. Therefore c has a unique decomposition as 
a sum of integral polynomials with coefficients being monomials in the a^, that is 

c = Co + aiCi + 02^2 + afci^i + 0303 + aia2Ci_2 + o-^Ci^i^i + . . . 

where Cij^,...,i, is a polynomial of degree / — ^deg(aj^) with integer coefficients. Note that we 
might choose a c such that the sum is finite since Cjj^...^,^ vanishes modulo 5 if / — ^ deg(aj^) > d. 
Now we multiply c with an arbitrary monomial rrid-i in the Xi of degree d — 1. Since nid^ic = 
it follows that ma-iCo is zero modulo S. By algebraic Poincaré duality [161 Proposition 2.5.7] 
it follows that cq = modulo S. Next, we multiply with monomials of degree d — I — 1 to 
deduce that ci equals zero modulo S, and then deduce inductively that all the of degree 

strictly less than d are zero. It remains to note that each Cj^^...,j^ of degree d is equal to an 
integer multiple of [pt] (since all homogeneous polynomials of degree d with integer coefficients 
are equal to a multiple of TZe modulo the ideal S [TBl 2.5.2]) Hence c = a[pt] for some a G L, 
which must have degree I — d hy homogeneity of c. □ 



SCHUBERT CALCULUS FOR ALGEBRAIC COBORDISM 



21 



fcl fc2 f^w 1 terms divisible by x or by xi.^) 



5. COMPUTATIONS AND EXAMPLES 

Until now, we used the formal group law of algebraic cobordism (i.e., the universal one) as 
little as possible in order to make our presentation simpler. In this section, we make the results 
of the previous section more explicit using this formal group law. In particular, we give an 
explicit formula for the products of a Bott-Samelson resolution with the first Chern class of 
a line bundle in terms of other Bott-Samelson resolutions (see formula 5.1 below). Using this 
formula, we give an algorithm for computing the product of two Bott-Samelson resolutions. 

First, we show that the operator A from Section 2 and the operator from Section 3 are 
well-defined. 

We use notation of Subsection 2.1, so F{u,v) is the universal formal group law and xi'^) 
is the inverse for the universal formal group law defined by the identity F{u,x{u)) = 0. To 
show that the operator A = {1 + er) ^^^^ \{y2)) defined on f2*(X)[[?/i, 1/2]] it is enough to 

show that A{m) is a formal power series for any monomial m = ^1^2/2^. We compute A{y\'^y2^) 
using that yi = F{x, 1/2) =1/2 + xix)pix, 2/2) and 2/2 = F{xix), yi) = yi + x{.x)p{x{.x),yi) where 
x = F{yi, xiVi)) and p{u, v) = jg a well-defined power series (since F{u, v) —u contains 

only terms u^v^ for j > 1). We get 

kuk2^ _ (,,^\ytÉl. - 1^y^J^}tL _ {Vi^x{x)v{x,y2)f^{yx\x{x)v{x{x).y\)f^ , vl^vX^ 

^KVx 1/2 ) — U+^J — \ — \ TT 

x x X\x) x X{x) 

= y2'yi'q{x,x{x)) + 

x 

The second term in the last expression is a power series since the formal group law expansion 
for is divisible by x yL4i (2.5.1)]. 

A similar argument shows that the operator A^ from Section 3 is indeed well-defined on the 
whole ring L[[xi, . . . , z^]] for any root a. Indeed, by relabehng xi,. . . , x„ we can assume that 
a = Cl — 62. Then for any monomial m = x\^x^^ . . . x^ we have 

4 ( rn\ — rf-kz rfMn A ( rpki k2\ 

Then exactly the same argument as the one above for A shows that Åa{x\^X2^) is a power series 
in xi and X2- 

5.1. Algorithm for computing the products of Bott-Samelson resolutions. We now 

produce an explicit algorithm for computing the product of the Bott-Samelson classes Z/ in 
terms of other Bott-Samelson classes, where / = (ai, a^). The key ingredient is our algebraic 
Chevalley-Pieri formula (Proposition 14. 3p which can be reformulated as follows 

i 

ci(L(A))Ai ...AiZ, = Y,M--- ^j-iA]{ci{L{\)))Aj+r . . . AiZ,, 

i=i 

where Aj = Sj-i ■ ■ -siA (in other words, ci(L(Aj)) = [(Jj-i ■ ■ . cri](ci(L(A)))) and the operator 
A* is defined as follows 

^^* = ^"^ = Ci(L(a,))^^"^"^^- 
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We can compute A* on any polynomial in the first Chern classes by the same methods as Aj 
(see the end of Section 3). Note that for the Chow ring Aj = A* (this follows from Lemma 
3.4 and the fact that sjaj = —aj and ci{L{aj)) = — ci(L(— «j)) for the additive formal group 
law), but for the algebraic cobordism ring this is no longer true. 

More generally, for any polynomial / = /(ci(L(/ii)), . . . , ci(L(/ifc))) in the first Chern classes 
of some line bundles on X, we can compute its product with Ai . . . AiZg by exactly the same 
argument as in the proof of Proposition 14.31 

i 

f-Ai...AiZ, = Y,M... . . . . . . AiZ, + A^ . . . Ai[ai . . . cxi]{f)Z, (5.0) 

i=i 

Note that the last term on the right hand side is equal to the constant term of the polynomial 
[(Tl . . . cTi](/) (which is of course the same as the constant term of /) times Ai . . . AiZ^. In 
particular, for / = ci(L(A)) this term vanishes modulo S. Here and below, by the "constant 
term" of a polynomial in h[xi, . . . ,Xn\ we mean the term of polynomial degree zero (the total 
degree of such a constant term might be negative since the Lazard ring L contains elements of 
negative degree). Note that all elements of L C L[a;i, . . . , Xn] are invariant under the operators 
(Tj, and hence commute with the operators Ai. For an arbitrary reductive group, the constant 
term of an element / G Q*{X) is defined as the product of / with the class of a point. 
It is now easy to show by induction on / that 

fAi...AiZ, = Y,(^Åf)[ll MZei 

Jdl i£l\J 

where aj(/) for the /c-subtuple J = (a-,-^, . . . , a-,-^) of / is the constant term in the expansion for 
[cT/ . . . aj^+iA*^aj^-^i . . . crj^+iy4*^o"j^_i . . . o"i]/, which is invariant under ai (for all i) and hence 
equal to [A*^ajf.-i . . . crjj+iy4*^o"jj_i . . . o"i]/. Indeed, we first use formula (5.0) above and then 
apply the induction hypothesis to all terms in the right hand side except for the last term, 
which already has form aj(/)[nie/\j ^«]^e for J = 0. We get 

Al... A,_i[A*aj_i . . . ai]{f)A,+i . . . AiZ, = 

= Ai...A,_i J2 aj{[A*a,_i...ai]{m J] ^^]^^ = 
Jci\{i,...,j} iei\{Ju{i,...,j}) 

J'ci iei\J' 

where the last summation goes over all subsets J' of / that do contain j but do not contain 
1,. . . ,j — 1. Plugging this back into formula (5.0) we get the desired formula. Combining this 
with Theorem 13.21 we get the foUowing formula in Q*{X) for the product of the Bott-Samelson 
class Zj with the first Chern class ci(L(A)) in terms of other Bott-Samelson classes 

ci{L{X))Zi = Y,bj{X)Zr\j, (5.1) 
Jci 

where bj{X) is the constant term in the expansion for 
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We changed the order of the Uj when passing from aj to hj since Zj = Ai . . . AiZ^.. Note that 
for J = we have bj = 0, and for J = (aj) we have bj = (A,/3j) since the constant term in 

A*(ci(L(s,+i . . . SiX))) = ^i(M-..+i----^A))-c.(L(.,.,^,...s,A)) gq^^i ^^^^^ ^^^^ ^ggg p^^^f 

of Proposition I4.3[ and Proposition 14 . 1 1 for the definition of which is equal to (A, (3j). So the 
lowest order terms (with respect to the polynomial grading) of this formula give an analogous 
formula for the Chow ring as expected. 

We now have assembled all necessary tools for actually performing the desired Schubert 
calculus. Namely, to compute the product ZjZj we apply the foUowing procedure (which is 
formally similar to the one for the Chow ring). We replace Zj with the respective polynomial 
TZj in the first Chern classes (using Theorem 13.21 together with the formula for Ze) and then 
compute the product of Zj with each monomial in TZj using repeatedly formula (5.1). Note 
that formula (5.1) allows us to make this algorithm more explicit than the one given in |3] (see 
an example below). 

The naive approach to represent both Zj and Zj as fractions of polynomials in first Chern 
classes and then computing their product is less useful. In particular translating the product 
of the fractions back into a linear combination of Bott-Samelson classes will be very hard, if 
possible at all. 

5.2. Examples. We now compute the Bott-Samelson classes Zj in terms of the Chern classes 
Xi for the example X = SL^/B where B is the subgroup of upper-triangular matrices. We then 
compute certain products of Bott-Samelson classes in two ways, by hand and then using the 
algorithm above together with formula (5.1). Note that only the second approach generalizes 
to higher dimensions. 

In 5*1/3, there are two simple roots 71 and 72. In X, there are six Schubert cycles = pt, 
Xi, X2, X12, X21 and X121 = X (here 12 is a short hand notation for (71,72), etc). Each Xj 
except for X121 coincides with its Bott-Samelson resolution Rj. Note that in general Ri and 
Xi do not coincide even when X/ is smooth. (By the way, for G = GLn the first non-smooth 
Schubert cycles show up for n = 4.) 

Computing Zj as a polynomial in the first Chern classes. We want to express Zj as a 
polynomial in Xi, X2, using the formulas 

Z,,^...,^^ = A,, . ..A,,n,- 7^e = ici(L(7i))ci(L(72))ci(L(7i + 72)). 

Note that in computations involving the operators Aa it is more convenient not to replace 
Ci{L{a)) with its expression in terms of Xi until the very end. 

Let us for instance compute Ri as a polynomial in xi, X2, x^ modulo the ideal S generated 
by the symmetric polynomials of positive degree: 

7^l = Al7^e = ^(1 + si)ci(L(72))ci(L(7i + 72)) = 



^ci(L(72))ci(L(7i +72)) = ^F{x{x2),x^)F{x{xi),Xi). 
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We have x(^) = —u + auu^ — af^u^ and F{u, v) = u + v + anuv + auu^v + a2iuv'^, where 
an = -[P^] and = aai = [P^ " [P^] d 2.5]. Thus 

^F(x(x2), X3)F(x(a;i), xs) = ^F{-X2 + anxl - anxl, x^)F{-xi + anxl - «nXi, X3) = 

= \{-X2 + + 011X2 - aiiZ2X3)(-Xi + X3 + aiiaJi - «11X1X3) = Xg, 

since (X3 — X2)(x3 — Xi) = 8x3 mod S', and (x2 + Xi)(x2 — X3)(xi — X3) = —8x3 = mod S. 
So the answer agrees with the one we got in Remark l2.7[ 

Here are the polynomials for the other Bott-Samelson resolutions: 

^212 = 1 + ai2a;i; 7^i2i = 1 + 012X1X2 

7^12 = -Xi - [P^]Xi 7^21 = 3^3 = -Xl - X2 

7^1 = X3 = X1X2 7^.2 = Xi 
7^g = — X1X2. 

Note that the Bott-Samelson resolutions Ri in this list coincide with the Schubert cycles they 
resolve if / has length < 2. The corresponding polynomials TZi are the classical Schubert 
polynomials (see e.g. [16] and keep in mind that his Xj is equal to our — Xj) except for the 
polynomial 7^i2. 

In general, polynomials TZi can be computed by induction on the length of /. E.g. to compute 
7^212 we can use that 7^212 = ^27^21 and 7^2i = 2:3. Hence, 

7^212 = ^2(a;3) = 1 + o-i2a;2a;3 = 1 + ai2a;i 

The middle equation is obtained using the formula Aiiji) = 1 + ai2yiy2 + ■ ■ ■ from Section [2TT] 
and the observation that all symmetric polynomials in X2 and X3 of degree greater than 2 vanish 
modulo S. 

Computing products of the Bott-Samelson resolutions. Let us for instance compute 
^12 ^21- First, we do it by hand. 

Denote by Wi, uj2 the fundamental weights of SL^. Applying Proposition 14. 1( 2) to X121 = X 
we get 

L(A) = L(X2i)(^'^^)®L(Xi2)(^'^^^ 

Hence, ci(L(u;i)) = X12 and ci{L{uj2)) = X21. (Note that if we instead applied Proposition 
14.1( 1) to -R121, we would obtain the more complicated expression 

r*2iL(A) = L(i?2i)^^'^^^ ® L(i?ii)(^'^i+^^) ® L(i?i2)(^'^^), 
which does not allow us to express X12 = -R12 as the Chern class of the line bundle L{X) on 

-Rl21-) 

Hence, 

Zi2^2i = ci(L(a;i))Z2i = r2i*ci(r2iL(a;i)) 
by the projection formula: Ci(L(A)) ■ Zj = ri^Ci{rj*L{X)). We now apply Proposition 14.1( 1) to 
i?2i and L{ui) and get r2iL(a;i) = L{Ri) ® L(i?2). Using the formal group law we compute 
Ci{L{Ri) ® L{R2)) = Ri + R2 - \^^]Re- Finally, we use that rj^[Rj] = Zj and get that 

Z12Z21 = Zi + Z2 - [¥']Ze. 
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Similarly, we can easily compute the foUowing products: 

Z12Z12 = Z2\ Z21Z21 = Z\ 
^12^1 = ^21^2 = ^67 ^12^2 = -^21^1 = 0, 

which in particular gives us another way to compute polynomials 7^/. 

So the only product that differs from the analogous product in the Chow ring case is the 
product Zi2^2i- 

We now compute the product ^12^21 using formula (5.1). We have Zx2 = ci{L{ui)) by 
Proposition 14.1( 1). Hence, according to formula (5.1) 

Zi2^21 = Ci(L(wi))Z2i = bi{uJi)Z2 + 62(^^1)^1 + &2l(t^l)^e, 

where 61, 62 and 621 are the constant terms in y4^(ci(L(a;i))), [A2Si]{ci{L{uJi))) and 
[y42AJ](ci(L(ci;i))), respectively. We aheady know that &i(A) = (A, 71) and b2{X) = (A,si72). 
It remains to compute &2i(A). First, by using that L(\) = L(si\) L('jiY-^'^'^^ and the formal 
group law we write 

ci(L(A))-ci(L(siA)) 



ci(^(7i)) 



(A,7i) + aii(A,7i)[ci(i:(siA)) + ^^'^^^ ^ Ci(L(7i))] + terms of deg > 2 



Hence, 



[A;A*](ci(L(A))) = an(A, ^^)A;[c^iLis^\)) + ^^'^'^ ^ ci(L(7i))] + terms of deg > 1 = 

(X^'yA - 1 

= aii(A,7i)[(A,si72) ] + terms of deg > 1, 

and 621 = aii(A,7i)[(A,Si72) - ^^^^|^]. We get 

c^{L{X))Z2l = (A, 71)^2 + (A,si72)^i + an(A,7i)[(A,Si72) - V e- 

In particular, ci{L{uji))Z2i = Z2 + Zi + anZe (which coincides with the answer we have found 
above by hand). 

Finally, note that it takes more work to compute Ci{L{X))Z2i using the algorithm in jl] 
because apart from certain formal group law calculations (which are more involved than the 
calculations we used to find 621) one has also to compute the products and in Cif*(i?2i)- 

6. Appendix: Complex realization for cellular varieties 

We will now prove the following result stated in Section 2: 

Theorem 6.1. For any smooth cellular variety X over k and any embedding k C, the com- 
plex geometric realization functor ofh-algebras r : Q*{X) — > MU*{X{C)°'^) is an isomorphism. 

Proof. Recall (see above) that the geometric realization functor coincides with the map given 
by the universal property of Q*, and that both sides are freely generated by (resolutions of 
the closures of) the cells. Thus it suffices to show that it is an isomorphism if we pass to 
the induced morphism after taking on both sides, which we denote by r'. Now by a 
theorem of Totaro [20| Theorem 3.1] (compare also [131 Remark 1.2.21]), for cellular varieties 
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the classical cycle class map c : CH*{X) — )■ iJ*(X(C)"") (which is an isomorphism for cellular 
varieties X) defined using fundamental classes and Poincaré duality (see e. g. section 
A.3]) factors as CH*{X) MU*{X{CY'') ®l ^ = i^*(X(C)""), and the left arrow in this 
factorization is given by first taking any resolution of singularities of the algebraic cycle and then 
applying (C)"". We also have a morphism q : Vt*{X) — )• CH*{X) which induces an isomorphism 
q' : Q*{X)^l'L —i- CH*{X) by Levine-Morel [TU Theorem 1.2.19] and corresponds to resolution 
of singularities [14J Section 4.5.1]. Putting everything together, we obtain a commutative square 

n*{x) — ^'m[/*(x(c)'^") 



CH*{X) 



H*{x{cy 



with the vertical maps and c being isomorphisms, which finishes the proof. 



□ 
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